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Abstract—Electromagnetic field theory is an established the-
ory and the characteristic of electric and magnetic fields are
well understood. Motivated by electromagnetic field theory, the
Weyl tensor which represents pure gravitational field in general
relativity, is decomposed into electric and magnetic part. The
analysis of electric and magnetic parts of the Weyl tensor becomes
important to understand gravitational field it represents. The
computations in general relativity are known to be complicated
as the tensors involved are up to rank-4; and they are obtained
using second order partial derivatives of metric tensor and their
combinations. This task can be handled efficiently by computers.
The present paper describes a Mathematica program written
for the computations of electric and magnetic parts of the Weyl
Tensor.

Index Terms—General relativity, electric and magnetic parts
of the Weyl tensor, algebraic computations.
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I. I NTRODUCTION

T HE analogies between electromagnetic theory and gravi-
tational theory are rich. Some of these analogies are de-

veloped, while some are still uncovered. One of the analogies
is the Maxwell-like form of the gravitational field tensor (the
Weyl tensor). Thus, in order to understand gravitational field
we may carry out analysis of electric and magnetic parts of
the Weyl tensor. However, these computations contain second
order partial derivative of metric tensor, contractions and their
combinations. This makes these computations difficult and
there is a high risk of error. Computer aided computations
ensure error free results and time consumed is very less
when compared to manual computations. In view of these
facts, Dautcourt and Jann [1] developed a REDUCE program
for the algebraic computations of Christoffel symbols, Rie-
mann tensor, Ricci tensor, Ricci scalar, etc. Campbell and
Wainwright [2] have used symbolic manipulation language
CAMAL to compute Weyl tensor and Ricci tensor relative
to a complex null tetrad. d’Inverno [3] developed a computer
system called ALAM for programming language LISP, which
was specifically designed for carrying out computations in
General Relativity. Mathematica is general computer algebra
system (CAS) widely used for symbolic as well as numeric
computations by researchers in many fields of science and
engineering. Mathematica was used for the computation of
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Ricci tensor by Hasmani and Rathva [4]. Hasmani [5] has used
Mathematica to compute complex scalars representing Weyl
tensor in Newman-Penrose formalism. Hasmani and Andharia
[6] have used Mathematica to carry out algebraic computation
of spin coefficients in Newman-Penrose formalism. More
recently, Hasmani and Panchal [7], [8] have developed two
Mathematica programs, one for the algebraic computation
of various general observer quantities and the other for the
algebraic computation of tetrad components of Ricci tensor. It
is worth noting that in Mathematica several general packages
(e.g. xAct, GRTensor, etc.) are available for doing such com-
putations. To use such packages one needs to learn about that
package besides learning Mathematica. Our attempt is to give
simple Mathematica program.

The present paper describes a program written in the
computer algebra system Mathematica, using classical tensor
analysis techniques to compute electric and magnetic parts
of the Weyl tensor. The program uses coordinate system,
metric tensor and unit time-like velocity vector as input. It
is worth noting that computation of tensorial components is
very complicated, but the program discussed here can handle
the situation smoothly.

Section II contains expressions of electric and magnetic
parts of the Weyl tensor and their properties; the terminology
and notations are standard and found in the relevant literature.
In section III, Mathematica program for the computation of
electric and magnetic parts of the Weyl tensor is discussed.
Input for the Szekeres metric [9] has been given in Subsection
III-A. In Subsection III-B, we have given explanation of neces-
sary steps of the logic used in the program. Subsection III-C
contains verification of vanishing properties of Weyl tensor,
electric part and magnetic part of the Weyl tensor; this supports
the correctness of the results obtained. Subsection (III-D)
explains how to get output of the program and Subsection
III-E shows output for the Szekeres metric.

Section IV contains examples of some space-times of inter-
est to researchers. We have listed the metric expression, chosen
unit time-like vector, output of Electric and Magnetic parts of
the Weyl tensor generated using our program and time taken
by the program for getting output.

II. ELECTRIC AND MAGNETIC PARTS OF THEWEYL

TENSOR

Weyl tensorCijkl is the gravitational field tensor [10],
defined by

C
ij
kl = R

ij
kl +

1

3
Rδi[kδ

j
l] − 2δi[kR

j
l],

whereRijkl - Riemann tensor,Rij - Ricci tensor,R - Ricci
scalar andδij - Kronecker delta.
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Now, electric and magnetic parts of the Weyl tensor with
respect to a unit time-like vectorui (physically, a timelike
vector fieldui is often taken to be the 4-velocity of fluid) are
defined by

Eik = Cijklu
jul,

Hik =∗ Cijklu
jul,

where∗Cijkl represents dual of the Weyl tensor defined us-
ing completely antisymmetric Levi-Civita pseudo-tensorǫijkl
given by

∗Cijkl =
1

2
ηijmnC

mn
kl,

in which ηijkl =
√−gǫijkl andg = det gij .

Both Eik andHik are symmetric, orthogonal to unit time-
like vector and traceless, i.e.

Eik = Eki, Eiku
k = 0, Eikg

ik = Ei
i = 0,

Hik = Hki, Hiku
k = 0, Hikg

ik = Hi
i = 0.

It is known from the classical electromagnetic theory that,
electromagnetic field tensor consists of components of electric
and magnetic field. In analogous way, in general relativity, the
gravitational field tensor (Weyl tensor) can be decomposed
into its electric and magnetic parts [11] as,

Cijkl =(ηijpqηklrs + gijpqgklrs)u
purEqs

− (ηijpqgklrs + gijpqηklrs)u
purHqs,

wheregijkl = gikgjl−gilgjk. The notations and terminologies
used here are standard and can be found in any relevant
literature.

III. M ATHEMATICA PROGRAM

Mathematica is a general purpose computer algebra system;
we have exploited its excellent capacity of handling matrices
and differentials. This section shows how Mathematica can be
used in computing electric and magnetic parts of the Weyl
tensor. The present work is based on various commands of
Mathematica and programming techniques described in [12].
Mathematica is a general CAS; and one learns only relevant
commands and features. The program is presented in the fol-
lowing subsections in parts, this provides better understanding
of the present program on one hand and provides clue for
writing similar programs on the other hand.

In Section (III-A), we consider input for the Szekeres metric
[9], which describes axially symmetric space-time

ds2 = −eλdr2 − e2β(dy2 + dz2) + dt2,

whereλ andβ are functions of all four space time coordinates
r, y, z and t. We choose unit time-like vectorui = δi4.

A. Input

The current program uses coordinate system, metric tensor
and unit time-like vector as input and it should be changed ac-
cording to space-time under consideration. The corresponding
Mathematica input are described below.

The following will assign coordinate system tocoor,

coor = {r, y, z, t} (1)

The following sets covariant components of metric tensor
gij to metric,

metric ={{−Exp[λ[r, y, z, t]], 0, 0, 0}
, {0,−Exp[2β[r, y, z, t]], 0, 0}
, {0, 0,−Exp[2β[r, y, z, t]], 0}
, {0, 0, 0, 1}}

Now, contravariant unit time-like vectorui is assigned to
npu as follows,

npu ={0, 0, 0, 1} (2)

B. Logic of the Program

The covariant components of the unit time-like vectorui

(npulow) are computed below,

npulow=npu.metric;

The following will compute contravariant components of
the metric tensorgij (gup),

gup=Inverse[metric];

Now, Christoffel symbols of first kindΓij,k (gama) and
second kindΓh

ij (gamaup) [4]–[7] are computed as follows,

gama=Table[FullSimplify[
(1/2)(D[metric[[i,k]],coor[[j]]]
+D[metric[[j,k]],coor[[i]]]
-D[metric[[i,j]],coor[[k]]])]

,{i,4},{j,4},{k,4}];
gamaup=Table[FullSimplify[
Sum[gup[[h,k]]gama[[i,j,k]],{k,4}]]

,{h,4},{i,4},{j,4}];

The following gives covariant components of Riemann
tensorRhijk (riemannlowhijk) [8],

riemannlowhijk=Table[(1/2)
(D[metric[[h,k]],coor[[i]],coor[[j]]]
+D[metric[[i,j]],coor[[h]],coor[[k]]]
-D[metric[[i,k]],coor[[h]],coor[[j]]]
-D[metric[[h,j]],coor[[i]],coor[[k]]])
+Sum[Sum[metric[[a,b]]
(gamaup[[a,i,j]]gamaup[[b,h,k]]
-gamaup[[a,i,k]]gamaup[[b,h,j]])
,{a,4}],{b,4}]
,{h,4},{i,4},{j,4},{k,4}];

Contraction of Riemann tensor with metric tensor gives the
Ricci tensorRij (rij) [4] as follows,

rij=Table[
Sum[Sum[
gup[[h1,j1]]
riemannlowhijk[[h1,i,j1,k]]
,{h1,4}],{j1,4}]

,{i,4},{k,4}];

One more contraction of Ricci tensor with metric tensor will
give rise to Ricci scalarR and it is assigned toricci [4],
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ricci= Sum[Sum[
gup[[i1,j1]]rij[[i1,j1]]

,{i1,4}],{j1,4}];

Using quantities computed above Weyl tensorChijk (weyl)
[5] is defined as follows,

weyl=Table[riemannlowhijk[[h,i,j,k]]
-(1/2)(metric[[h,j]]rij[[i,k]]

+metric[[i,k]]rij[[h,j]]
-metric[[h,k]]rij[[i,j]]
-metric[[i,j]]rij[[h,k]])

+(ricci/6)(metric[[h,j]]metric[[i,k]]
-metric[[h,k]]metric[[i,j]])

,{h,4},{i,4},{j,4},{k,4}];

Levi-Civita tensorηijkl (levilow) [7] is now computed
using a built in command in Mathematica,

eijkl=-Normal[LeviCivitaTensor[4]];
levilow=Sqrt[-Det[metric]] eijkl;

Dual of Weyl tensor∗Chijk (cstarhijk) is computed
now,

cstarhijk=Table[
Sum[Sum[Sum[Sum[
(1/2)levilow[[h,i,r1,s1]]gup[[a1,r1]]
gup[[b1,s1]]weyl[[a1,b1,j,k]]

,{r1,4}],{s1,4}],{a1,4}],{b1,4}]
,{h,4},{i,4},{j,4},{k,4}];

Following will compute electric partEik (eik) and mag-
netic partHik (hik) of the Weyl tensor,

eik=Table[FullSimplify[
Sum[Sum[
weyl[[i,j1,k,l1]]npu[[j1]]npu[[l1]]

,{j1,4}],{l1,4}]]
,{i,4},{k,4}];
hik=Table[FullSimplify[
Sum[Sum[
cstarhijk[[i,j1,k,l1]]
npu[[j1]]npu[[l1]]

,{j1,4}],{l1,4}]]
,{i,4},{k,4}];

C. Verifying Conditions

Many times the computations are not done correctly due
to programming mistakes, so we will now use the trace-less
property of Weyl tensor as verifying condition. If the trace of
Weyl tensorCj

ijk (tr) does not vanish, the error message
will be displayed and program will terminate.

tr=Table[FullSimplify[
Sum[Sum[

gup[[j1,h1]]weyl[[h1,i,j1,k]]
,{h1,4}],{j1,4}]]

,{i,4},{k,4}];
If[Boole[
tr===Table[0,{i,4},{j,4}]]===0
,Print["Trace of Weyl Tensor does
not Vanish"];Quit[]];

Now, vanishing properties of electric part and magnetic part
namely,Eiku

k = 0 andHiku
k = 0 respectively, are verified

as follows. If they are not satisfied, the error message will be
displayed and the program will terminate.

checkeik=Table[FullSimplify[
Sum[eik[[i,k]]npu[[i]],{i,4}]]

,{k,4}];
checkhik=Table[FullSimplify[Sum[
hik[[i,k]]npu[[i]],{i,4}]]

,{k,4}];
If[Boole[checkeik===checkhik
===Table[0,{i,4}]]===0
,Print["Vanishing Condition/s of
Electric and/or Magnetic parts of
the Weyl Tensor are not Satisfied"]

;Quit[]];

D. Designing Output

The electric and magnetic parts of the Weyl tensor, be-
ing tensor of second rank, they have 16 components each,
however, due to symmetry this number reduces to 10. The
output is programmed so that only non-vanishing independent
components are displayed.

If[Boole[
eik===Table[0,{i,4},{j,4}]]===1

,Print["All Components of Electric
Part Vanish"]

,For[i=1,i<=4,i++,For[k=i,k<=4,k++
,If[eik[[i,k]]=!=0
,Print["E",i,k,"=",eik[[i,k]]]]]]];
If[Boole[
hik===Table[0,{i,4},{j,4}]]===1

,Print["All Components of Magnetic
Part Vanish"]

,For[i=1,i<=4,i++,For[k=i,k<=4,k++
,If[hik[[i,k]]=!=0
,Print["H",i,k,"=",hik[[i,k]]]]]]];

E. Output

Using input (1), (2) and (2) we get the following output,
in which a prime denotes partial derivative with respect tor;
an overhead dot denotes partial derivative with respect tot;
the partial derivatives with respect toy andz are denoted by
corresponding suffixes.
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Non-vanishing independent components of electric part are:

E11 =
1

24
e−2β(eλ(λ2

z − 8βzz + 2λzz + λ2
y − 8βyy + 2λyy)

+ 2e2β(eλ(−2β̇λ̇+ λ̇2 − 4β̈ + 2λ̈)− 2β′λ′ + 4β′′))

E12 =
1

4
(−λyβ

′ + 2β′
y)

E13 =
1

4
(−λzβ

′ + 2β′
z)

E22 =
1

24
e−λ(eλ(6βzλz − 2λ2

z + 4βzz − 4λzz − 6βyλy

+ λ2
y + 4βyy + 2λyy)

+ e2β(eλ(2β̇λ̇− λ̇2 + 4β̈ − 2λ̈) + 2β′λ′ − 4β′′))

E23 =
1

8
(−2βzλy + λz(−2βy + λy) + 2λyz)

E33 =
1

24
e−λ(eλ(−6βzλz + λ2

z + 4βzz + 2λzz + 6βyλy

− 2λ2
y + 4βyy − 4λyy)

+ e2β(eλ(2β̇λ̇− λ̇2 + 4β̈ − 2λ̈) + 2β′λ′ − 4β′′))

Non-vanishing independent components of magnetic part
are:

H12 =
1

8
eλ/2((−2β̇ + λ̇)λz − 4β̇z + 2λ̇z)

H13 =
1

8
eλ/2((2β̇ − λ̇)λy + 4β̇y − 2λ̇y)

Remark:The output generated by Mathematica may not be
user friendly as the output contains symbols defined by Math-
ematica in its own way; the output above is written in standard
terminology.

IV. EXAMPLES

Our program was tested for some useful metrics to compute
electric and magnetic parts of the Weyl tensor. Here, we list
time taken for the computation of electric and magnetic parts
of the Weyl tensor and; our observation about the Weyl tensor
for different metrics with chosen unit time-like vector. The
following are some examples.

1) Gödel metric

ds2 = dt2 − dx2 + 2eaxdtdy +
1

2
e2axdy2 − dz2

Unit time-like vector:ui = δi4
Non-vanishing independent components of electric part
are:

E11 = −a2

6
; E22 = − 1

12
e2axa2; E33 =

a2

3

All Components of Magnetic Part Vanish.
Time taken: 0.45 seconds

2) Vaidya metric [14]

ds2 =− r2dθ2 − r2 sin2 θdφ2 +

(

1− 2m[u]

r

)

du2

+ 2dudr

Unit time-like vector:ui = 1
2
√
2
(1 + 2m[u]

r )δi1 +
1√
2
δi4

Non-vanishing independent components of electric part
are:

E11 =
m[u]

r3
; E14 = −m[u](r + 2m[u])

2r4

E22 =− m[u]

r
; E33 = −m[u] sin2 θ

r

E44 =
m[u](r + 2m[u])2

4r5

All Components of Magnetic Part Vanish.
Time taken: 0.64 seconds

3) Griffiths metric [13]

ds2 =2dudv + 2a(2v − y)dudx+ 2dudy

+ 2a(2u− y)dvdx + 2dvdy

+

(

−3

2
+ 2a2(2u− y)(2v − y)− 6a2(u+ v)2

)

dx2

− 2a(u+ v + 2y)dxdy +
1

2
dy2

where a is a non-zero real constant
Unit time-like vector:ui = 1√

2
(δi1 + δi2)

Non-vanishing independent components of electric part
are:

E11 =
2

9
(−27 + 2892u2 + 6064uv+ 3012v2

− 524(u+ v)y + 688y2

− 72a(9u2 − 2uv + 9v2 − 8(u+ v)y + y2)

+ 3a2(−1 + 4(9u2 − 2uv + 9v2

− 8(u+ v)y + y2)))

E12 =
2

9
(27− 4(723u2 + 1516uv+ 753v2)

+ 524(u+ v)y − 688y2

+ 72a(9u2 − 2uv + 9v2 − 8(u+ v)y

+ y2) + 3a2(1− 4(9u2 − 2uv + 9v2

− 8(u+ v)y + y2)))

E13 =
4

9
(u − v)(−243 + a(6(9 + 644u2)

− 72a(2(9u2 + 8uv + 9v2) + (u+ v)y + y2)

+ 3a2(−1 + 72u2 + 64uv + 72v2

+ 4(u+ v)y + 4y2) + 8(v(1001u+ 498v)

+ 56(u+ v)y + 86y2)))

E14 =24(−3 + a)2(u− v)(u + v + y)

E22 =
2

9
(−27 + 2892u2 + 6064uv+ 3012v2

− 524(u+ v)y + 688y2

− 72a(9u2 − 2uv + 9v2 − 8(u+ v)y + y2)

+ 3a2(−1 + 4(9u2 − 2uv + 9v2

− 8(u+ v)y + y2)))
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E23 =− 4

9
(u− v)(−243 + a(6(9 + 644u2)

− 72a(2(9u2 + 8uv + 9v2) + (u+ v)y + y2)

+ 3a2(−1 + 72u2 + 64uv + 72v2 + 4(u+ v)y

+ 4y2) + 8(v(1001u+ 498v)

+ 56(u+ v)y + 86y2)))

E24 =− 24(−3 + a)2(u− v)(u + v + y)

E33 =
4

9
(81− 6(564u2 + 1001uv+ 579v2)

− 4a(3968u4 + 27556u3v + 405v2 + 4092v4

+ u2(405 + 54796v2) + u(270v + 28052v3))

− 579(u+ v)y − 4a(u+ v)(189 + 5546u2

+ 15902uv+ 5732v2)y − 759y2

− 12a(−18 + 99u2 + 802uv + 99v2)y2

− 5436a(u+ v)y3

− 576a3(u2 + uv + v2)(9u2 − 2u(v − 5y)

+ (v + y)(9v + y)) + 24a4(u2 + uv + v2)(−1

+ 36u2 − 8u(v − 5y) + 4(v + y)(9v + y))

+ a2(9 + 4(135u2 + 2424u4 + 72uv + 2122u3v

+ 135v2 + 1306u2v2 + 2062uv3 + 2454v4

+ (u+ v)(72 + 3685u2 + 6700uv + 3775v2)y

+ (−9 + 616u2 + 436uv + 616v2)y2

+ 435(u+ v)y3)))

E34 =
4

3
(8(−496 + 9(−3 + a)2a)u3

− 3(54− 9a+ a3)v

+ 12(−341+ 6(−3 + a)2a)v3 + 27(−3 + a)y

+ 2(−1843+ 6a(202 + 13(−6 + a)a))v2y

+ 2(−250 + a(139 + 6(−6 + a)a))vy2

+ 2(−453 + 145a)y3

+ 2u2((−7826 + 60(−3 + a)2a)v

+ (−1781 + 6a(197 + 13(−6 + a)a))y)

+ u(−2(81 + 7888v2)

+ 3a(9− a2 + 40(−3 + a)2v2)

+ 4(−2718+ a(1163 + 42(−6 + a)a))vy

+ 2(−250 + a(139 + 6(−6 + a)a))y2))

E44 =
2

3
(−27− 636u2 − 2060uv+ 910(u+ v)y

− 696v2 − 182y2 − 72a(3u2 + 3v2 + 10vy

+ y2 + 10u(v + y)) + 3a2(−1 + 4(3u2 + 3v2

+ 10vy + y2 + 10u(v + y))))

Non-vanishing independent components of magnetic
part are:

H11 =24(−3 + a)(u− v)

H12 =− 24(−3 + a)(u − v)

H13 =
2

9
(81(1− 24u2 − 24v2 + 12(u+ v)y)

− 4a(u+ v)(81u+ 7936u3 + 81v + 31304u2v

+ 31552uv2 + 8184v3

+ 2(81 + 1578u2 + 5030uv+ 1640v2)y

+ 1406(u+ v)y2 + 906y3)

+ a2(9 + 4(81u2 + 1920u4 + 54uv

+ 10120u3v + 81v2 + 16520u2v2

+ 10360uv3 + 2040v4

+ (u+ v)(27 + 20(65u2 + 191uv + 68v2))y

+ 750(u+ v)2y2 + 290(u+ v)y3)))

H14 =
1

9
(4(u+ v)(−243 + 81a− 7936u2 + 1920au2

+ 8(−2921 + 785a)uv + 24(−341 + 85a)v2)

+ 16((−789 + 325a)u2 + 5(−503 + 191a)uv

+ 20(−41 + 17a)v2)y

+ 8(−703 + 375a)(u+ v)y2

+ 8(−453 + 145a)y3)

H22 =24(−3 + a)(u − v)

H23 =
2

9
(81(−1 + 24u2 + 24v2 − 12(u+ v)y)

+ 4a(u+ v)((u + v)(7936u2 + 23368uv

+ 81 + 8184v2) + 2(81 + 1578u2 + 5030uv

+ 1640v2)y + 1406(u+ v)y2 + 906y3)

+ a2(−9− 4(1920u4 + 10120u3v

+ 3v2(27 + 680v2) + 2uv(27 + 5180v2)

+ u2(81 + 16520v2))

− 4(u+ v)(27 + 20(65u2 + 191uv+ 68v2))y

− 3000(u+ v)2y2 − 1160(u+ v)y3))

H24 =
1

9
(−4(u+ v)(−243 + 81a− 7936u2 + 1920au2

+ 8(−2921 + 785a)uv + 24(−341 + 85a)v2)

− 16((−789 + 325a)u2 + 5(−503 + 191a)uv

+ 20(−41 + 17a)v2)y + 8(453− 145a)y3

− 8(−703 + 375a)(u+ v)y2)

H33 =
8

3
(u− v)(81 + a(3a2 + 432a(u2 + uv + v2)

− 2(888u2 + 1433uv+ 903v2)

− 85(u+ v)y − 145y2))

H34 =
8

9
(u− v)((u + v)(−486 + a(81− 7936u2

+ 3a(9 + 640u2) + 8(−2921 + 785a)uv

+ 24(−341 + 85a)v2))

+ (−243 + a(162− 27a− 3156u2 + 1300au2

+ 20(−503 + 191a)uv + 80(−41 + 17a)v2))y

+ 2a(−703 + 375a)(u+ v)y2

+ 2a(−453 + 145a)y3)

Time taken: 883.21 seconds (≈ 15 minutes)
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V. CONCLUSION

In General Relativity Weyl tensor represents gravitational
field in vacuum. This tensor can be decomposed into two
second rank tensors namely electric part and magnetic part
of the Weyl tensor. The analysis of Weyl tensor is useful in
understanding of gravitational field. The computing of Weyl
tensor and its electric and magnetic parts are lengthy, time
consuming and complicated.

In this paper, we have described a Mathematica program
developed by us which computes electric and magnetic parts
of the Weyl tensor for given metric and a unit time-like
vector. As noted earlier there are many general packages for
doing algebraic computations in general relativity. Use of
such packages does not give user any information about the
computations and for a user it may be difficult to do particular
computations in the first attempt. We have discussed the
parts of the program in detail which helps the reader in
understanding how computations are done, accordingly one
can prepare programs for individual use.
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