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Abstract—The usual distance between two vertices in a graph
is the shortest path between them while detour distance is the
longest path. We held the discussion of dominating sets in graphs
in the context of detour distance. We derive detour domination
number of some graphs.

Index Terms—Distance, Detour distance, Detour domination.
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I. I NTRODUCTION

W E begin with finite, connected and undirected graph
without loops and multiple edges. For any graph

theoretic terminology we rely upon Chartrand and Lesniak
[1] as well as Hayneset al. [2]. We provide brief summary
of definitions and existing results needed for the present work.

Definition 1.1 The distance d(u, v) between two vertices
u andv in a connected graphG is the length of the shortest
u− v path inG.

A brief account of distance in graphs and its related
parameters can be found in Buckley and Harary [3].

Definition 1.2 The length of the longestu−v path between
two verticesu andv in a connected graphG is called detour
distanceD(u, v).

The concept of detour distance was introduced by Chartrand
et al. [4, 5].

Remark 1.3D(u, v) = d(u, v), for any treeT .

Definition 1.4 A vertexu(6= v) is called adetour neighbor
of v if D(v) = D(u, v) where

D(v) = min{D(u, v)/u ∈ V (G)− {v}}.

If u is a detour neighbor ofv, then it is not necessary that
v is also a detour neighbor ofu. For example, in Figure 1,
v1 andv2 are detour neighbors ofu1, u2 andu3, but u1, u2

andu3 are not the detour neighbors ofv1 andv2. Moreover
v1 and v2 are detour neighbors of each other. The set of all
neighbors ofv is denoted byND(v). In Figure 1,ND(u1) =
ND(u2) = ND(u3) = {v1, v2}.
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Definition 1.5 A vertex u is said to detour dominate a
vertexv if u = v or u is a detour neighbor ofv. In graphG1

of Figure 1,u1, u2 andu3 detour dominatev1 andv2 while
v1 andv2 detour dominate each other whereas in Figure 2,v

detour dominates all the vertices of the graphG2. A set S
of vertices ofG is called adetour dominating set if every
vertex of G is detour dominated by some vertex ofS. A
detour dominating set ofG with minimum cardinality is a
minimum detour dominating set and this cardinallity is the
detour domination number denoted asγD(G).

The concept of detour domination was introduced by
Chartrandet al. [6] and it was further explored by Chartrand
and Zhang [7].

We formalize the following concepts.

Definition 1.6 A vertex v is said to be adetour isolate if
it is not a detour neighbor of any vertex of the graphG. In
other words,ND(V ) ∩ {v} = ∅ wherev ∈ V , then v is a
detour isolate. In Figure 1,u1, u2 andu3 are detour isolates
as they are not detour neighbors of any vertices of the graph
G1, whereas the graphG2 in Figure 2 has no detour isolates.
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It is obvious that a detour isolate is always an element of
any detour dominating set.

Definition 1.7 A detour dominating setS is a minimal
detour dominating set if no proper subsetS′ ⊂ S is a detour
dominating set. For the graph of Figure 1,γD(G) = 3 as
S = {u1, u2, u3} is the only detour dominating set while
in Figure 2,S1 = {v1, v3, v5, v7}, S2 = {v2, v4, v6, v8} and
S3 = {v} are minimal detour dominating sets andγD(G) = 1
as | S3 |= 1 is minimum.

II. M AIN RESULTS

We prove the following result analogous to Ore [8].

Theorem 2.1 A detour dominating setS is a minimal
detour dominating set if and only if for each vertexu ∈ S

either of the following two conditions holds.
(i) u is a detour isolate inS.
(ii) For all u ∈ S and v ∈ S − {u} ∃ at least a vertex
u′ ∈ ND(u) such thatu′ /∈ ND(u) ∩ND(v).

Proof: SupposeS is a minimal detour dominating set and
neither of the conditions(i) and (ii) hold. That is, if u is
not a detour isolate inS, then there exist some vertexv′ ∈ S

such thatu ∈ ND(v′). ThenS − {u} still remains a detour
dominating set. Also for allu ∈ S andv ∈ S−{u} ∃ at least
a vertexu′ ∈ ND(u) such thatu′ ∈ ND(u)∩ND(v). That is,
u′ is detour dominated by some vertexv ∈ S − {u}. Hence,
S − {u} is a detour dominating set which is a contradiction.
Therefore either of the conditions must hold.

Conversely suppose that(i) or (ii) holds. But S is not
a minimal detour dominating set. Hence,S − {u} is still
a detour dominating set. Then∃ some vertexu such that
ND[u] ⊆ ∪ND(v), for somev ∈ S − {u}. Consequently∃ at
least a vertexu′ ∈ ND(u)∩ND(v). Hence,(ii) does not hold.

Also if S − {u} is a detour dominating set, then in that
caseu is a detour neighbor of at least a vertex ofS − {u}.
That is,(i) does not hold. Thus neither condition(i) nor (ii)
holds which contradicts our assumption. Therefore,S is a
minimal detour dominating set.

Definition 2.2 Let G be a graph with V (G) =
S1 ∪ S2 ∪ . . . St ∪ T where Si is the set having at
least two vertices of same degree andT = V (G)−∪Si where
i = 1, 2, . . . , t. The degree splitting graphDS(G) is obtained
from G by adding verticesw1, w2 . . . , wt and joiningwi to
each vertex ofSi for 1 ≤ i ≤ t.

Theorem 2.3For n ≥ 6, γD[DS(Pn)] = 3.

Proof: Let v1, v2, v3 . . . vn be the vertices ofPn, we add
two verticesw1 and w2 in order to obtainDS(Pn) as Pn

contains vertices with two different types of degrees. Hence,
| V [DS(Pn)] |= n + 2 and | E[DS(Pn)] | = 2n − 1. The

graphDS(Pn) is shown in the following Figure 3.

DS(Pn)
Figure3

Claim 1: w1 detour dominatesw2, vn−1 and vk,
(k = 2, 3 . . . , n− 1).

On traversing right throughw1vnvn−1w2vn−2 . . . v1
then the detour distance fromw1 to v1 is n + 1 and on
traversing left throughw1v1v2w2v3 . . . vn then the detour
distance fromw1 to vn is also n + 1 while on traversing
left through w1v1v2 . . . vn−1w2 or traversing right through
w1vnvn−1 . . . v2w2, in either case, the detour distance
from w1 to w2 is n. Now, on traversing right through
w1vnvn−1 . . . vk+1w2v2 . . . vk, (k = 2, 3 . . . , n − 2) then the
detour distance fromw1 to vk is n. The detour distance from
w1 to vn−1 traversing left throughw1v1v2w2v3 . . . vn−1 is n.
Hence,w1 detour dominatesvk, vn−1 andw2 which are at a
minimum detour distancen.

Claim 2: w2 detour dominatesw1.

On traversing left throughw2vk+1 . . . vnw1v1 . . . vk,
(k = 1, 2, 3 . . . , n − 1) then the detour distance fromw2 to
vk is n + 1. The detour distance fromw2 to vn traversing
right throughw2vn−1 . . . v1w1vn is n+1. Now, on traversing
left through w2v2 . . . vnw1 then the detour distance from
w2 to w1 is n. Hence,w2 detour dominatesw1 which is at
minimum detour distancen.

Claim 3: v1 detour dominatesvn−1.

On traversing through the path
v1w1vnvn−1 . . . vk+1w2v2 . . . vk, (k = 2, 3 . . . , n − 2)
then the detour distance fromv1 to vk is n + 1 and on
traversing through the pathv1v2w2v3 . . . vn−1 then the detour
distance fromv1 to vn−1 is n− 1 while on traversing through
the pathv1v2w2v3 . . . vn then the detour distance fromv1 to
vn is n. The detour distance fromv1 to wj , j = 1 or 2 is
n+1 on traversing through the pathv1w1vnvn−1 . . . v2w2 or
v1v2w2v3 . . . vnw1. Hence,v1 detour dominatesvn−1 which
is at minimum detour distancen− 1.

Claim 4: v2 detour dominatesvn−1.

On traversing through the path
v2v1w1vnvn−1 . . . vk+1w2v3 . . . vk, (k = 3 . . . , n − 2)
then the detour distance fromv2 to vk is n+1. On traversing
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through the pathv2w2v3 . . . vnw1v1 then the detour distance
from v2 to v1 is n + 1 while on traversing through the path
v2w2v3 . . . vn then the detour distance fromv2 to vn is
n − 1. On traversing through the pathv2w2v3 . . . vn−1 then
the detour distance fromv2 to vn−1 is n − 2. The detour
distance fromv2 to w1 or v2 to w2 traversing through the
path v2w2v3 . . . vnw1 or v2v1w1vn . . . v3w2 is n and n + 1
respectively. Hence,v2 detour dominatesvn−1 which is at a
minimum detour distancen− 2.

Claim 5: vk detour dominatesw1.

The detour distance fromvk to vj , (k = 3, 4, . . . , n − 2
and j = 1, 2, . . . , n, k 6= j), traversing through any path
covers all the vertices of the graph which is of lengthn+ 1.
On traversing through the pathvkvk−1 . . . v2w2vk+1 . . . vnw1

then the detour distance fromvk to w1 is n while the detour
distance fromvk to w2 traversing through any path will
cover all the vertices of the graph isn+ 1. Hence,vk detour
dominatesw1.

Claim 6: vn−1 detour dominatesv2.

The detour distance fromvn−1 to vk, (k = 3 . . . , n) covers
all the vertices of the graph which is of lengthn + 1. The
detour distance is symmetric. So, the detour distance from
vn−1 to v2 is n − 2 as discussed in Claim 4, the detour
distance fromvn−1 to v1 is n − 1 as discussed in Claim 3,
the detour distance fromvn−1 to w1 is n as discussed in
Claim 1 and the detour distance fromvn−1 to w2 is n+ 1 as
discussed in Claim 2. Hence,vn−1 detour dominatesv2.

Claim 7: vn detour dominatesv2.

The detour distance fromvn to vk, (k = 3 . . . , n − 1), on
traversing through any path covers all the vertices of the graph
which is of lengthn+1. The detour distance is symmetric. So,
the detour distance fromvn to v1 is n as discussed in Claim
3, the detour distance fromvn to v2 is n − 1 as discussed
in Claim 4, the detour distance fromvn to w1 is n + 1 as
discussed in Claim 1, the detour distance fromvn to w2 is
n+1 as discussed in Claim 2. Hence,vn detour dominatesv2.

Hence, from the above arguments we conclude that
the verticesv1 and vn are not detour dominated by any
other vertices except themselves. That is, they are detour
isolates. Consequently,v1 and vn must be in every detour
dominating set. Thus, by Theorem 2.1, detour dominating
set S = {w1, v1, vn} is a minimal detour dominating set.
Here, v1 and vn cannot be removed fromS being detour
isolates andND[w1] = {v2, v3, . . . , vn−1, w1, w2}. That is,
| ND[w1] | = n. From the above arguments it is clearw1 is
the only vertex that detour dominates remainingn vertices of
the graph. Hence,S is the only detour dominating set with
minimum cardinality. Therefore,γD[DS(Pn)] = 3, for n ≥ 6.

Definition 2.4 The wheel graph Wn with n vertices is
defined to be the join ofK1 andCn. The vertex corresponding

to K1 is known as apex while the vertices corresponding to
Cn are known as rim vertices.

Definition 2.5 Thehelm graph Hn is a graph obtained from
wheel graphWn by attaching a pendant edge to each rim
vertex. It contains three types of vertices, the vertex of degree
n called apex,n pendant vertices andn vertices of degree four.

Theorem 2.6For n ≥ 3, γD(Hn) = n+ 1.

Proof: For helm graph Hn, let u1, u2, . . . , un

be the pendant vertices, v1, v2, . . . , vn be the
vertices of degree four andv be the apex. So,
V (Hn) = {u1, u2, . . . , un, v1, v2, . . . , vn, v}. The vertices
ui and vi, where (i = 1, 2, . . . , n) are detour neighbors of
each other since there is unique path between these vertices.
So, ui and vi detour dominate each other. Consequently,
either ui or vi must be in every detour dominating set. The
vertex v is detour isolate as it is not the detour neighbor
of ui or vi and thusv must be in every detour dominating
set. Thus, by Theorem 2.1,S1 = {u1, u2, . . . , un, v} or
S2 = {v1, v2, . . . , vn, v} are minimal detour dominating sets
with | S1 | = | S2 | = n + 1. Thus minimumn + 1 vertices
are essential for a minimum detour dominating set. Hence,
γD(Hn) = n+ 1, for n ≥ 3.

III. C ONCLUSION

We have introduced the concepts of detour isolate and
minimal detour dominating set and derive a necessary and
sufficient condition for a set to be a minimal detour dominating
set. In addition to this, the detour domination numbers of helm
and degree splitting graph of path are also investigated.
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