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Abstract—In this study, we introduce the concept of arithmetic
right circulant matrix sequence. Furthermore, we also present
some properties of this sequence.
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I. INTRODUCTION

SEQUENCES are the building blocks of right circulant
matrices. Because of this, various number sequences are

used as entries, and the properties of the resulting right
circulant matrices are investigated. Research on these special
matrices normally would revolve around the investigation of
their determinants, eigenvalues, norms, and inverses.

Bozkurt worked on right circulant matrices with different
number sequences, using in particular, the Jacobsthal and
Lucas-Jacobsthal in [3] and Pell and Pell-Lucas numbers in
[4]. He then generalized these works in [2] by using the
general numbers sequence. In his works, Bozkurt provided
formulas for the determinant and inverses of the matrices
defined in [2],[3],[4] using matrix decompositions.

A recent work by Bahsi and Solak [1] involved the con-
struction of right circulant matrices with arithmetic sequence
as entries. They provided explicit formulas for the determinant,
eigenvalues, norms, and inverses of these special type of right
circulant matrices. They also investigated the Euclidean and
spectral norms of the inverses of the resulting matrices.

Other recent works include that of Bueno. He dealt with
right circulant matrices with terms of geometric sequences [5],
Fibonacci numbers [6] and Jacobsthal numbers [7]. He solved
for the eigenvalues, determinant, norms and the inverse of the
said matrices.

Other researchers dealt only with the norms of right circu-
lant matrices. To name a few, we have Civciv and Turkmen
[8] (with Lucas numbers as entries), Nalli and Sen [11] (with
Fibonacci numbers as entries) and Shen and Cen [12] (with
(k,h)-Fibonacci numbers and (k,h)-Lucas numbers as entries).

In our study, instead of making number sequences as entries
for right circulant matrices, we now make a sequence of
right circulant matrices. We will focus on the right circulant
matrix sequence patterned from the arithmetic sequence. This
sequence will be called the arithmetic right circulant matrix
sequence. We will investigate some properties of this sequence.
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II. PRELIMINARIES

Let CR( ~A1) and CR( ~D) be n× n right circulant matrices,
which take the form

CR( ~A1) = CR(a0, a1, ..., an−1)

=



a0 a1 a2 ... an−2 an−1
an−1 a0 a1 ... an−3 an−2
an−2 an−1 a0 ... an−4 an−3

...
...

...
. . .

...
...

a2 a3 a4 ... a0 a1
a1 a2 a3 ... an−1 a0


and

CR( ~D) = CR(d0, d1, ..., dn−1)

=



d0 d1 d2 ... dn−2 dn−1
dn−1 d0 d1 ... dn−3 dn−2
dn−2 dn−1 d0 ... dn−4 dn−3

...
...

...
. . .

...
...

d2 d3 d4 ... d0 d1
d1 d2 d3 ... dn−1 d0


respectively, with dj 6= 0 for all j. The sequence{
CR( ~Ak)

}+∞

k=0
whose terms satisfy the recurrence relation:

CR( ~Ar) = CR( ~Ar−1) + CR( ~D)

with initial value CR( ~A0), is an arithmetic right circulant
matrix sequence.

For the rest of the paper, we will use the following notations:
• CR( ~Ar) for the rth term of the sequence;
• Sr for the sum of the first r terms;
• λ(m, r) where m = 0, 1, . . . , n−1, for the eigenvalues

of CR( ~Ar);
• Λ(m, r) where m = 0, 1, . . . , n−1, for the eigenvalues

of Sr;
• ∆m where m = 0, 1, . . . , n− 1, for the eigenvalues of
CR( ~D); and

• |M | for the determinant of a matrix M.

III. MAIN RESULTS

Theorem 3.1: The rth term of
{
CR( ~Ak)

}+∞

k=0
is given by

CR( ~Ar) = CR( ~A1) + (r − 1)CR( ~D) (1)

Moreover,

CR( ~Ar) = CR(α0, α1, ..., αn−1) (2)

where αj = aj + (r − 1)dj and j = 0, 1, . . . , n− 1.
Proof : For (1), we use mathematical induction.
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Basis step:
If r = 1, we have

CR( ~A1) = CR( ~A1) + 0 · CR( ~D)

Induction step:
Assume that for all r that

CR( ~Ar) = CR( ~A1) + (r − 1)CR( ~D)

is true. Hence, we need to show that for r + 1, the statement
is also true.

CR( ~Ar+1) = CR( ~A1) + (r − 1)CR( ~D) + CR( ~D)

= CR( ~A1) + rCR( ~D)

as desired.
Adding the matrices, CR( ~A1) and (r−1)CR( ~D), we easily

obtain (2). �
Theorem 3.2: The sum of the first r terms is given by

Sr =
r

2

[
CR( ~A1) + CR( ~Ar)

]
(3)

= rCR( ~A1) +
r(r − 1)

2
CR( ~D) (4)

Moreover,

Sr = CR (Ω0,Ω1, ...,Ωn−1) (5)

where Ωj =
r(aj+αj)

2 =
2raj+r(r−1)dj

2 and
αj = aj + (r − 1)dj and j = 0, 1, . . . , n− 1.

Proof : Like the previous theorem, (3) and (4) be easily
shown by mathematical induction. Furthermore, we obtain (5)
by simply combining the matrices in (3) or (4).

Theorem 3.3:

λ(m, r) = λ(m, 1) + (r − 1)∆m (6)

Proof : The eigenvalues of a right circulant matrix are
obtained through the discrete Fourier transform of its first row,
i.e.

λ(m, r) =
n−1∑
k=0

αkω
−mk; where ω = e2πi/n

=
n−1∑
k=0

[ak + (r − 1)dk]ω−mk

=
n−1∑
k=0

akω
−mk + (r − 1)

n−1∑
k=0

dkω
−mk

= λ(m, 1) + (r − 1)∆m

Theorem 3.4:

Λ(m, r) = rλ(m, 1) +
r(r − 1)

2
∆m (7)

Proof :

Λ(m, r) =
n−1∑
k=0

Ωkω
−mk

=
n−1∑
k=0

[
2raj + r(r − 1)dj

2

]
ω−mk

= r
n−1∑
k=0

akω
−mk +

r(r − 1)

2

n−1∑
k=0

dkω
−mk

= rλ(m, 1) +
r(r − 1)

2
∆m

Theorem 3.5:∣∣∣CR( ~Ar)
∣∣∣ =

n−1∏
m=0

(λ(m, 1) + (r − 1)∆m) (8)

Proof :
Multiplying all the eigenvalues from Thereom 3.3 proves

the theorem.
Theorem 3.6:

|Sr| =
n−1∏
m=0

(
rλ(m, r) +

r(r − 1)

2
∆m

)
(9)

Proof :
Multiplying all the eigenvalues from Theorem 3.4, we get

the desired result.

IV. CONCLUSION

We have established some properties of the arithmetic right

circulant matrix sequence
{
CR( ~Ak)

}+∞

k=0
. In particular, we

have obtained the explicit forms of the following:
• CR( ~Ar), the rth term of the sequence;
• Sr, the sum of the first r terms of the sequence; and
• eigenvalues and determinant CR( ~Ar) and Sr.

Furthermore, for each m, the eigenvalues λ(m, r) of the rth

term form an arithmetic sequence.
Possible works on this study is to solve for the Euclidean

norm and spectral norm of CR( ~Ar) and Sr. Other matrix
sequences can also be created using the recurrence relation of
other sequences and thus the properties of the formed sequence
can be investigated.
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